Abstract. The order-of-magnitude method proposed by Struchtrup is a new closure procedure for the infinte moment hierarchy in kinetic theory of gases. We outline a generalization of the procedure and derive a formal theory of scale-induced closures on the level of the kinetic equation. The new closure produces a moment distribution function that respects the scaling of a Chapman-Enskog expansion. The structure of the non-equilibrium part of the distribution is induced by the collision operator. We investigate accuracy and stability of the new closure. Examples illustrate the new approach.
INTRODUCTION
The aim of approximation methods in kinetic theory is to reduce the particle description rigorously to a lowdimensional continuum model. The Chapman-Enskog expansion conducts an asymptotic analysis where the smallness parameter is the Knudsen number, see for example the textbook [1] . This expansion successfully derives the fluid dynamic laws of Navier-Stokes and Fourier, but fails to produce useful higher order results beyond the first order (Burnett, super-Burnett) [2] . Grad's moment approach uses approximation theory and represents the distribution function as series of Hermite function, see [3] . The resulting approximation is given by moments which, however, converges slowly and also unphysical artefacts, like subshocks, are produced. Various attempts exists to remedy the drawbacks of Chapman-Enskog expansion. The work [4] introduced a hyperbolic form of the Burnett equations which is stable, while in [5] it was shown that a variable transformation may be able to remove unstable terms from the second order Chapman-Enskog result. Moment equations have been popular for their mathematical structure, see [6] , and also for some success in describing physical processes, see the textbook [7] .
Recently, in [8] , a new derivation of macroscopic equations was presented that was claimed to be different from both Chapman-Enskog and Grad. This so-called order-of-magnitude method is based on general moment equations and follows the scale of the variables for a closure, see also the textbook [9] . The resulting equations exhibit an inherent asymptotic accuracy in the sense of Chapman-Enskog and they are stable. The method succeeded to derive generalized 13-moment-equations in [10] and also showed that the R13-equations of [11] are a correct, stable, third order accurate approximation of Boltzmann's equation. In this paper, we sketch how to extend the order-of-magnitude method to the level of kinetic equations. So far, this method was only applied to the full non-linear moment hierarchy with little chance to gain insight into the general mathematical idea and kinetic structure of the closure. Our aim is to develop a formal theory of the new closure and to appy it to general kinetic equations. Our findings clearly show how the method exploits the scaling of the distribution function and the structures that the scaling creates in the phase space. Hence, it is reasonable to speak of a scale-induced closure. Space restrictions do not allow us to present only an outline of the results. For more details we refer to [12] .
STRUCHTRUP'S ORDER-OF-MAGNITUDE APPROACH
In the papers [8] and [10] , Struchtrup proposes an order-of-magnitude approach to derive macroscopic transport equations in kinetic gas theory based on Boltzmann's equation. The method is applied directly to the infinite system of transfer equations for moments obtained from Boltzmann's equation. Key steps are a general asymptotic expansion to identify the order of magnitude of all moments, and a reduction of moment variables of a common order. The method is inspired from the consistently ordered extended thermodynamics of [13] . For details we have to refer to the original papers and the textbook [9] .
The final equations form a closed system based on quantities and expressions with consistent order of magnitude. The closure depends on the collision integral, hence the left hand fluxes are related to properties of the right hand side collision operator. This feature assures a specific order (e.g. NSF, Burnett, super-Burnett) of the moment system when expanded in Knudsen number. The order-of-magnitude method is, in principle, capable to produce equations at any order of Knudsen number, see [9] .
LINEAR KINETIC MODEL
In our work we recast the order-of-magnitude approach into a general kinetic framework and are able to demonstrate attractive properties of the resulting equations.
The theory is developed for a generic linear kinetic model which includes discrete velocity models with finite velocity sets C ⊂ R d as well as the continuous case C = R d . 
with Knudsen number ε and a linear collision operator K : V → V with the following properties:
satisfying K M = 0. M does not depend on (t, x). The components of ρ are called equilibrium parameters. 2. There exists a surjective equilibrium operator, independent of (t, x),
There exists a pseudo inverse K † with the property K † Q = 0 and
Since the distribution function is a mapping from space-time into V we find the vector of equilibrium parameters ρ to be a mapping
The modelling task in kinetic theory is to find reasonable evolution equations for ρ in a projected space with much lower dimension than V . The following theory will achieve this goal such that transport operator c · ∇ and collision operator K are equally respected.
CLASSICAL APPROXIMATIONS
Chapman-Enskog Expansion: In equation (1), the limit ε → 0 formally leads to K f = 0 so that the distribution function is asymptotically given by an equilibrium M ρ = Q f . Any extension beyond equilibrium will be written f = Q f + P f = M ρ + f 1 with a non-equilibrium disturbance f 1 . The Euler equations for ρ arise if we apply the equilibrium operator E 0 to (1) and setting f 1 = 0. As an extension the Chapman-Enskog expansion asks for the structure of the disturbance f 1 = P f . It is easy to find an evolution equation for this quantity by applying the nonequilibrium projection P to (1)
Inserting the expansion f 1 = ε f
1 + . . . , applying K † and using (4), we obtain under the condition that all coefficients f (k) 1 and their derivatives are bounded with respect to ε the sufficient condition
Using ε f
1 as approximation for f 1 , we can close the equations for ρ in a more accurate way, leading to the general Navier-Stokes-Fourier equations. Going one order further and using relation (7) for f ( 
1)
1 , we get from (6) the sufficient relation P f
In these so called Burnett relations for f (2) 1 , the time derivatives of ρ are usually replaced using the Euler equations. However, once the final expression for f (2) 1 is plugged into the evolution for ρ, the resulting equations can be proven to be unstable in the realistic cases of the full Boltzmann collision operator, see [2] . Grad's Moment Approach: The moment method of Grad in [3] assumes a specific form of the distribution function which we summarize as
The non-equilibrium part is composed of a remainder term f 2 and the Grad distribution G µ which is parametrized by some finite dimensional vector µ ∈ W ⊂ R s (the dependencies of G on the equilibrium variables ρ is neglected in accordance with a linear theory). The vector µ is typically defined in terms of higher order moments, for example, as non-equilibrium parts of the fluxes of the equilibrium variables. More generally, we assume that µ = E 1 f with a linear mapping
As a consequence, S = G E 1 is a projection which decomposes P in two parts S and R = P − S, the latter one being the projection onto the remainder term. Application of E 0 and E 1 to the equation (1) yields evolution equations for ρ and µ. We find
where in Grad's approach f 2 = 0 leads to a closure of the system. Grad's equations can typically be shown to be stable.
SCALE-INDUCED CLOSURE
The order-of-magnitude approach wants to derive stable equations which are asymptotically accurate in the sense of a Chapman-Enskog expansion. Burnett equations satisfy the accuracy condition, but are unstable. On the other hand, Grad's equations are stable but the closure is based on a distribution function with higher moments and has no a-priori asymptotic properties. The idea of the scale induced closure theory is to use the structure of the asymptotic expansion given by Chapman-Enskog to find an appropriate choice of a moment distribution function. Derivation: The Chapman-Enskog expansion implies a distribution function in the form
as described above. The disturbance f
1 opens a subspace of V , to be precise, of the non-equilibrium space PV , which contains the largest contribution of non-equilibrium in terms of asymptotic order. This space is called the primary non-equilibrium, while f (2) 1 represents the secondary non-equilibrium. For our moment closure we assume a Grad distribution given by f = M ρ + εG µ + ε 2 f 2 (13) such that the part Gµ opens the same subspace in the non-equilibrium space PV like the Chapman-Enskog part f -at least up to higher order contributions. The rest term f 2 contains all the higher order disturbances. Apart from the basic requirements E 1 G = i d, E 1 M = 0 and E 0 G = 0, we do not specify the structure of G and the higher moments µ together with their operator E 1 . Instead, they have to follow from the kinetic equation and its asymptotic expansion. This is a major difference to Grad's moment approach where the distribution function is specified as Hermite series independently of the kinetic equation. Using the equilibrium projection Q, and the projections S = G E 1 and R = P − S related to the primary and secondary non-equilibrium εGµ and ε 2 f 2 , we can derive equations for ρ, µ and f 2 . For example, applying R to (1), we obtain ε
This equation shows that f 2 is influenced from terms with various orders, but only two terms have order zero. If we choose the primary non-equilibrium G such that for some suitable µ
we automatically satisfy the following requirements 1. the first expansion coefficient f
1 in (7) can be written in the form G µ. 2. the evolution of f 2 in (14) is governed only by quantities at least first order in ε. 3. the distribution G µ is given by the leading order term of its own expansion in powers of ε conducted on (14).
The equation (15) is used to define the moment distribution function G. We note that the primary non-equilibrium induced by the Chapman-Enskog expansion is controlled by ∇ρ given by the process. Considering every gradient component of each field as single parameter, it follows that the primary non-equilibrium is a linear space of dimension at most d × p spanned by the range of the operator K † c · M. For a scale-induced closure the operator G should have an identical range accessed by the moment vector µ of suitable dimension q ≤ d × p.
When applying the unknown operator E 1 belonging to µ to (15) we find a relation between µ and ∇ρ
which can be used to eliminate ∇ρ in (15) and find a more explicit definition of the moment distribution G. Under the conditions on E 1 that ker(E 1 ) ∩ Im(K † ) = ∅, we define the pseudo-inverse A † of the operator A := E 1 K † c · M such that A † A is the projection of ∇ρ onto that part which spans the whole range of the primary non-equilibrium K † c · M. Neglecting higher order terms on this stage we find
for G depending on our moment operator E 1 and the collision operator.
Properties:
The resulting system has the same structure like the Grad system (10)/(11), but now the moment distribution function G is not arbitrary. It is strongly linked to the structure of the collision operator and represents the first order non-equilibrium subspace. Similar higher order moment approximations can be found by repeating the procedure above. The result is a successive foliation of the non-equilibrium by order of magnitude. The scale-induced closure in (10)/(11) exhibits an asymptotic expansion equivalent to the Navier-Stokes-Fourier level by construction. However, an expansion equivalent to Burnett order can be achieved for special collision operators or by adding specific higher order contributions that do not change the basic structure of the equations.
Up to some technical conditions the moment operator E 1 remained unspecified. Without going into the details we note that with the specific choice
the resulting moment system (10)/(11) can be shown to possess an entropy and to be symmetric hyperbolic, hence to be L 2 -stable [12] .
EXAMPLES Generalized 13-Moment-Equations:
The generalized 13-moment-equations have been derived by Struchtrup in [10] by the order-of-magnitude approach described above. In the derivation a general interaction potential has been assumed and, hence, general production terms in the moment equations have been considered. The closure approximation takes into account the structure of the production terms and the resulting coefficients could be identified with classical Burnett coefficients. Detailed equations can be found in [10] . Interestingly, for Maxwell molecules the equations reduce to the 13-moment-system of Grad which is based on a Hermite series of the distribution function. This is a mere coincidence and related to the fact that the eigenfunctions of the linearized collision operator for Maxwell molecules are Hermite functions. Hence, Grad's equations form the accurate second order system only for Maxwell molecules while the above system is the second order accurate extension to general interaction potentials. I.e., it is a stable system that reproduces the correct general Burnett relations when expanded in Knudsen number. In that sense it is also related to the regularized Burnett equations in [4] . The generalized 13-moment-equations system demonstrates the capabilities of the described scale-induced closure procedure. Linear Matrix System: The second example is more abstract and illustrates the fundamental range of the new closure procedure. Instead of a distribution function which is part of a function space V , we consider a vector function y : R + → R N satisfying an ordinary differential equation
with initial conditions y (0) . The matrix T represents the transport operator c ∇·, while K can be viewed as collisional part. As for the kinetic model we assume that there exist vectors or matrices M and E 0 with K M = 0 and E 0 K = 0, as well as E 0 M = i d. Equilibrium variables are given by ρ = E 0 y. The whole theory derived above can be easily translated to the present case. The aim is to replace the high-dimensional system (19) by a lower dimensional system for ρ with high accuracy.
To check the approximation quality we consider a concrete example and take N = 4 and
65 31 −31 21 31 53 1 −21 −31 1 53
as collision and transport matrix. This matrix K was constructed such that it exhibits the eigenvalues λ i ∈ {0, 1, 1, 2} and a one-dimensional kernel given by M = (1, 1, −1, 1) T with K M = 0. Due to symmetry the equilibrium operator with E 0 K = 0 is given by E 0 = M T and the equilibrium variable ρ = E 0 y is scalar. We will solve the full system (19) with (20) numerically and compare the numerical results of various approximations like a Chapman-Enskog-type or the scale-induced closure to the full solution.
The kinetic distribution satisfies y = M ρ + y 1 with a disturbance y 1 = −εK † T M ρ which leads to the equation
in the sense of a first Chapman-Enskog expansion. Initial conditions are given by ρ | t=0 = E 0 y (0) = ρ (0) . For our example, we find ρ(t) = ρ (0) exp(−ε 65 54 t) as first approximation. According to the theory above, a better approximation is given by equations for ρ coupled to a higher moment µ = E 1 y with the structure
and particular choices for G and E 1 . Out of curiosity we construct arbitrary vectors G = (− 
which is adapted to the structure of the kinetic equation.
In Fig. 1 we compare the evolution of ρ as predicted from the full system (19), from the Chapman-Enskog-type result, the arbitrary Grad approach and the order-of-magnitude equations. The Knudsen number was chosen to be ε = 0.5. As initial condition for the full system y (0) = (1, 4, −2, 1) was used which corresponds to ρ (0) = 4. The CE result manages to predict a general decaying behaviour, while the Grad approximation gives a initial behaviour that is qualitatively correct but fails for large times t. The order-of-magnitude result matches the full solution a nearly perfect way. We do not want to overstress this rather special example, but it indicates that the scale-induced closure may considerably improve the accuracy of lower dimensional approximations of kinetic equations. 
CONCLUSION
This work supplements the work of Struchtrup in [8] and [10] where an order-of-magnitude closure for moment equations in kinetic gas theory was developed. Here, we generalize this approach to the level of kinetic equations and relate it to standard methods of Chapman-Enskog and Grad. The new closure obeys a scaling of the non-equilibrium phase space that is introduced by asymptotic expansion. This scaling structures the phase space and allows to formulate a distribution function based on moments respecting the asymptotic properties of the kinetic equation. In this sense, it provides a scale-induced closure. The resulting moment equations exhibit high asymptotic accuracy in a natural way. More details and properties will be given in [12] .
